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PAIRINGS OF HARMONIC MAASS-JACOBI FORMS INVOLVING SPECIAL
VALUES OF PARTIAL L-FUNCTIONS
DOHOON CHOI AND SUBONG LIM
Abstract. In this paper, considering the Eichler-Shimura cohomology theory for Jacobi forms, we
study connections between harmonic Maass-Jacobi forms and Jacobi integrals. As an application
we study a pairing between two Jacobi integrals, which is defined by special values of partial L-
functions of skew-holomorphic Jacobi cusp forms. We obtain connections between this pairing and
the Petersson inner product for skew-holomorphic Jacobi cusp forms. This result can be considered
as analogue of Haberland formula of elliptic modular forms for Jacobi forms.
1. Introduction
Zwegers [25] obtained one of important advances in researches on mock theta functions. This
result implies that mock theta functions can be interpreted as specializations of certain real-
analytic Jacobi forms to some points. The result of Zwegeres motivated systematic studies in a
harmonic Maass Jacobi form [4] and a Jacobi integral [12]. Bringmann and Richter [4] suggested
and studied a systematic theory for harmonic Maass-Jacobi forms, including real analytic Jacobi
forms constructed by Zwegers, and from this they proved Zagier type dualities for Jacobi forms.
A Jacobi integral, which is analogue of an Eichler integral, was studied by Choie and the second
author [12], and they showed that Zwegers’ real analytic Jacobi forms can be expressed as a sum
of two Jacobi integrals.
In this paper, we study connections between a harmonic Maass-Jacobi form and a Jacobi integral.
More precisely we show that the holomorphic part of a harmonic Maass-Jacobi form is a Jacobi
integral and that the non-holomorphic part of a harmonic Maass-Jacobi form is given by the non-
holomorphic Jacobi integral of a skew-holomorphic Jacobi cusp form. In order to do it we study the
supplementary function theory for Jacobi forms. The supplementary function theory for elliptic
modular forms was introduced by Knopp [18] and developed by Knopp and Husseini [17] to study
Eichler integrals and Eichler-Shimura cohomology for Fuchsian groups. Furthermore, we prove
analogues of Haberland formula in the context of Jacobi forms.
Throughout this paper Γ1 denotes SL2(Z). Let Γ ⊂ Γ1 be a H-group, i.e., a finitely generated
Fuchsian group of the first kind, which has at least one parabolic class. We assume that [Γ1 : Γ] <
∞. Let k ∈ Z, m ∈ Z with m > 0 and χ be a multiplier system of weight k + 1
2
on Γ. We denote
the space of Jacobi cusp forms (resp. skew-holomorphic Jacobi cusp forms) of weight k+ 1
2
, index
m and multiplier system χ on ΓJ by Sk+ 1
2
,m,χ(Γ
J) (resp. J sk,cusp
k+ 1
2
,m,χ
(ΓJ)), where ΓJ denotes a Jacobi
group Γ⋉ Z2.
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First we review some basic notions of harmonic Maass-Jacobi forms based on [4]. A harmonic
Maass-Jacobi form of weight k + 1
2
, index m and multiplier system χ on ΓJ is a smooth function
F on H× C that transforms like a Jacobi form of weight k + 1
2
, index m and multiplier system χ
on ΓJ and is annihilated by the differential operator Ck+
1
2
,m, where Ck,m is given by
Ck,m := −2(τ − τ¯ )2∂τ τ¯ − (2k − 1)(τ − τ¯)∂τ¯ + (τ − τ¯ )
2
4piim
∂τ¯ zz
+
k(τ − τ¯)
4piim
∂zz¯ +
(τ − τ¯)(z − z¯)
4piim
∂zzz¯ − 2(τ − τ¯ )(z − z¯)∂τ z¯ + k(z − z¯)∂z¯
+
(τ − τ¯)2
4piim
∂τ z¯z¯ +
(
(z − z¯)2
2
+
k(τ − τ¯)
4piim
)
∂z¯z¯ +
(τ − τ¯)(z − z¯)
4piim
∂zz¯z¯.
Here we write ∂τ :=
∂
∂τ
, ∂τ¯ :=
∂
∂τ¯
, ∂z :=
∂
∂z
and ∂z¯ :=
∂
∂z¯
, where τ = u+ iv ∈ H and z = x+ iy ∈ C.
We are particularly interested in harmonic Maass-Jacobi forms, which are holomorphic in z. We
denote the space of such forms by Jˆk+ 1
2
,m,χ(Γ
J).
We introduce another differential operator
ξk,m :=
(
τ − τ¯
2i
)k−5/2
D
(m)
− ,
where
D
(m)
− :=
(
τ − τ¯
2i
)(
−(τ − τ¯ )∂τ¯ − (z − z¯)∂z¯ + 1
4pim
(
τ − τ¯
2i
)
∂z¯z¯
)
.
The assignment F 7→ ξk+ 1
2
,m(F ) gives a linear map
ξk+ 1
2
,m : Jˆk+ 1
2
,m,χ(Γ
J)→ J sk!5
2
−k,m,χ(Γ
J),
where J sk!5
2
−k,m,χ
(ΓJ) is the space of weak skew-holomorphic Jacobi forms of weight 5
2
− k, index
m and multiplier system χ on ΓJ . We denote the pre-image of the space of skew-holomorphic
Jacobi cusp forms J sk,cusp5
2
−k,m,χ
(ΓJ) under ξk+ 1
2
,m by Jˆ
cusp
k+ 1
2
,m,χ
(ΓJ). Any harmonic Maass-Jacobi form
F ∈ Jˆcusp
k+ 1
2
,m,χ
(ΓJ) has a unique decomposition F = F++F−, where the function F+ (resp. F−) is
called the holomorphic (resp. non-holomorphic) part of F . We denote the space of holomorphic
parts of F ∈ Jˆcusp
k+ 1
2
,m,χ
(ΓJ) by Jˆ+
k+ 1
2
,m,χ
(ΓJ).
In the theory of harmonic weak Maass forms there are two important differential operators
ξk := 2i(
τ−τ¯
2i
)k∂τ and D :=
1
2pii
∂τ (see [5, 6]). The differential operator ξk,m is analogous with ξk
and we have another differential operator, which is analogous with D, given by
Hm := 8piim∂τ − ∂zz.
This is called the heat operator. The action of the heat operator on Jacobi forms was studied by
other researchers (for example see [3, 11]).
Now we consider the special C[ΓJ ]-module to define a Jacobi integral.
Definition 1.1. For positive integers k and m let Pk,m be the set of holomorphic functions G on
H× C which satisfy the conditions
(1) for all X ∈ Z2, G|mX = G (for the definition of |mX see Section 3.1),
PAIRINGS OF HARMONIC MAASS-JACOBI FORMS 3
(2) Hk+1m G = 0.
The set Pk−2,m is preserved under the slash operator | 5
2
−k,m,χ(γ,X) for a multiplier system χ of
weight 5
2
−k and (γ,X) ∈ ΓJ1 , and it forms a vector space over C. A function F on H×C is called
a Jacobi integral of weight 5
2
− k, index m and multiplier system χ on ΓJ if it satisfies
F − F | 5
2
−k,m,χ(γ,X) ∈ Pk,m
for all (γ,X) ∈ ΓJ . We let E 5
2
−k,m,χ(Γ
J) denote the space of holomorphic Jacobi integrals F of
weight 5
2
− k, index m and multiplier system χ on ΓJ such that
(1) functions F are invariant under | 5
2
−k,m,χ(Q, 0) for a generator Q of Γ∞,
(2) functions Hk−1m (F ) can be written as
Hk−1m (F ) = G
∗ +Hk−1m (H),
where G∗ is a supplementary function to a skew-holomorphic Jacobi cusp form G ∈
J sk,cusp
k+ 1
2
,m,χ
(ΓJ) and H ∈ J !5
2
−k,m,χ
(ΓJ) (for the definition of a supplementary function, see
Section 3.2).
We define the set
Nχ := {a ∈ N | χ(Q)e−2piiλma2 = 0},
where N = (2m)−1Z/Z and Q = ( 1 λ0 1 ) , λ > 0, is a generator of Γ∞. The following theorem shows
that we can understand holomorphic parts and non-holomorphic parts of harmonic Maass-Jacobi
forms in terms of Jacobi integrals.
Theorem 1.2. Let Jˆ+5
2
−k,m,χ
(ΓJ) and E 5
2
−k,m,χ(Γ
J) be as above.
(1) For a positive integer k with k > 2
E 5
2
−k,m,χ(Γ
J) = Jˆ+5
2
−k,m,χ
(ΓJ) + Cm,χ,
where Cm,χ is the space of functions on H × C generated by θm,a for a ∈ Nχ (for the
definition of θm,a see Section 3.1).
(2) If F ∈ Jˆcusp5
2
−k,m,χ
(ΓJ), then
(1.1) F− = EˆJ(G),
where G is a skew-holomorphic Jacobi cusp form in J sk,cusp
k+ 1
2
,m,χ
(ΓJ) and EˆJ(G) is a non-
holomorphic Jacobi integral associated with G (for the precise definition of EˆJ(G) see Sec-
tion 3.2).
For F ∈ Jˆcusp5
2
−k,m,χ
(ΓJ), F+ is called a mock Jacobi form. If a skew-holomorphic Jacobi cusp form
G satisfies (1.1), then G is called the shadow of a mock Jacobi form F+ (see [4] and [13]).
Remark 1.3. (1) The main part of the proof of Theorem 1.2 is the construction of a harmonic
Maass-Jacobi form from a given Jacobi integral F ∈ E 5
2
−k,m,χ(Γ
J).
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(2) An Eichler integral, which was first studied by Eichler [14] in connection with the Eichler-
Shimura cohomology theory, is an important tool to understand a harmonic weak Maass
form. More precisely, any harmonic weak Maass form can be written as a sum of holo-
morphic part and non-holomorphic part and both of these two parts are Eichler integrals of
modular forms with the dual weight (for example see [7]). Theorem 1.2 is analogue of this
in the case of Jacobi forms.
Haberland [16] established a formula to express the Petersson inner product of two cusp forms
on Γ1 as the sum of their special L-values. Kohnen and Zagier [20] interpreted this formula
by using period polynomials, and Pas¸ol and Popa [21] generalized this approach to arbitrary
modular forms for congruence subgroups. Recently, Bringmann, Guerzhoy, Kent and Ono [2] gave
interesting relations between period functions of harmonic weak Maass forms, which follow from
the connection between the obstruction to modularity and the period functions of the associated
Eichler integral. With the notion of partial L-functions of a skew-holomorphic Jacobi cusp form,
we obtain the similar result in the context of Jacobi forms.
We construct a pairing { , } on mock Jacobi forms and prove that the pairing { , } can be
written as the Petersson inner product of their shadows. Suppose that Γ contains −I. For skew-
holomorphic Jacobi cusp forms F and G of weight k the Petersson inner product is defined by
(F,G) :=
1
[Γ1 : Γ]
∫
ΓJ\H×C
F (τ, z)G(τ, z)vk−3e−4pimy
2/vdxdydudv.
Now we consider a vector-valued Jacobi integral and explain how to define a pairing on mock Ja-
cobi forms. Note that Pk−2,m is a Γ
J -module. Let P˜k−2,m be the induced Γ
J
1 -module Ind
ΓJ1
ΓJ
(Pk−2,m).
If the slash operator | 5
2
−k,m,χ can be extended to Γ
J
1 , then Pk−2,m is also a Γ
J
1 -module and we can
identify P˜k−2,m with the space of maps P : Γ \ Γ1 → Pk−2,m with ΓJ1 action
(P‖ 5
2
−k,m,χ(γ,X))(A) := P (Aγ
−1)| 5
2
−k,m,χ(γ,X)
for (γ,X) ∈ ΓJ1 and A ∈ Γ1.
By Lemma 3.1 in [8], every function G ∈ Pk−2,m can be written as
G(τ, z) =
∑
a∈N
ga(τ)θm,a(τ, z),
where ga is a polynomial of degree at most k − 2 for each a ∈ N . Let
Gc(τ, z) =
∑
a∈N
ga(τ )θm,a(τ, z).
On Pk−2,m × Pk−2,m we have a pairing
(1.2)
〈∑
a∈N
fa(τ)θm,a(τ, z),
∑
a∈N
ga(τ)θm,a(τ, z)
〉
:=
∑
a∈N
k−2∑
n=0
(−1)k−2−n
(
k − 2
n
)−1
Aa,nBa,k−2−n,
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where fa(τ) =
∑k−2
n=0Aa,nτ
n and ga(τ) =
∑k−2
n=0Ba,nτ
n. With the pairing in (1.2) we define a
pairing on P˜k,m × P˜k,m by
〈〈P,Q 〉〉 := 1
[Γ1 : Γ]
∑
A∈Γ\Γ1
〈P (A), Q(A) 〉
for P,Q ∈ P˜k,m.
Suppose that F ∈ Jˆcusp5
2
−k,m,χ
(ΓJ). For each γ ∈ Γ1 we have a unique decomposition
F | 5
2
−k,m,χ(γ, 0) = F
+
γ + F
−
γ ,
where F+γ is the holomorphic part and F
−
γ is the non-holomorphic part. Let A 5
2
−k,m,χ(Γ
J) be the
space of Jacobi integrals of weight 5
2
− k, index m and multiplier system χ on ΓJ which have a
theta expansion. We define a vector-valued Jacobi integral F˜+ : Γ \Γ1 → A 5
2
−k,m,χ(Γ
J) associated
with F+ by
(1.3) F˜+(γ) = F+γ .
Its period function is given by
(1.4) P (F+) = F˜+ − F˜+‖ 5
2
−k,m,χ(S, 0),
where S = ( 0 −11 0 ). With this we define a pairing on Jˆ
+
5
2
−k,m,χ
(ΓJ)× Jˆ+5
2
−k,m,χ
(ΓJ) by
(1.5) {F+, G+} = 〈〈P (F )‖ 5
2
−k,m,χ((T
−1, 0)− (T, 0)), P (G)c 〉〉 ,
where T = ( 1 10 1 ). This is analogous with the pairing defined by Pas¸ol and Popa [21] for elliptic
modular forms. The following theorem shows that this pairing can be written in terms of the
Petersson inner product of skew-holomorphic Jacobi cusp forms, and it can also be expressed as
the sum of partial L-values of skew-holomorphic Jacobi cusp forms.
Theorem 1.4. Let k be a positive integer with k ≥ 2 and χ be a multiplier system of weight k+ 1
2
on Γ1. Suppose that Γ contains −I. For F,G ∈ Jˆcusp5
2
−k,m,χ
(ΓJ) let F ′ and G′ be the shadows of F+
and G+, respectively. Then
− 6
√
4m(2i)k−1[Γ1 : Γ](F
′, G′) = {F+, G+}(1.6)
=
∑
A∈Γ\Γ1
∑
a∈N
∑
0≤m+n≤k−2
m6=≡n (mod 2)
(k − 2)!
(k − 2−m− n)!
im+n
(2pi)m+n+2
×
(
(−1)k−2−mLsk(G′|sk
k+ 1
2
,m,χ
A, a, n+ 1)Lsk(F ′|sk
k+ 1
2
,m,χ
AT, a,m+ 1)
− (−1)mLsk(G′|sk
k+ 1
2
,m,χ
A, a, n + 1)Lsk(F ′|sk
k+ 1
2
,m,χ
AT−1, a,m+ 1)
)
.
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Here Lsk(F ′, a, s) is a partial L-function of a skew-holomorphic Jacobi cusp form F ′ ∈ J sk,cusp
k+ 5
1
,m,χ
(ΓJ)
defined as follows. Suppose that F ′ has the Fourier expansion of the form
F ′(τ, z) =
∑
4m(n+κ)−λr2<0
c
(
n + κ
λ
, r
)
e
−pi(λr2−4m(l+κ))v
mλ q(n+κ)/λζr.
By the theta expansion we have
F ′(τ, z) =
∑
µ(mod 2m)
∑
r≡µ(mod2m)
∑
n∈Z
M(n)>0
Dµ(M(n))q
M(n)
4m q
r2
4m ζr,
where M(n) = r2 − 4m(l+κ)
λ
and Dµ(M(n)) = c(
r2−M(n)
4m
, r). Then partial L-functions of F ′ are
defined by
Lsk(F ′, a, s) =
∑
n∈Z
M(n)>0
Dµ(M(n))
(M(n)/4m)s
.
Example 1.5. Suppose that m = 1 and Γ = Γ1. Let
W 5
2
−k,m,χ :=
{
P ∈ Pk−2,m
∣∣∣∣ P | 52−k,m,χ(1 + S) = P | 52−k,m,χ(1 + U + U2) = 0
}
,
where U = TS. By the Eichler-Shimura cohomology theory for Jacobi forms we have an isomor-
phism (see [8])
(1.7) H15
2
−k,m,χ(Γ
J , Pk−2,m) ∼= Sk+ 1
2
,m,χ(Γ
J)⊕ J sk,cusp
k+ 1
2
,m,χ
(ΓJ).
As in the case of elliptic modular forms, the isomorphism (1.7) induces the isomorphism
(1.8) W 5
2
−k,m,χ
∼= Sk+ 1
2
,m,χ(Γ
J)⊕ J sk,cusp
k+ 1
2
,m,χ
(ΓJ).
Note that in the case Γ = Γ1 there are exactly 6 multiplier systems for each weight and they are
given in terms of the Dedekind eta function η, which is given by
η(τ) = q
1
24
∞∏
n=1
(1− qn),
where q = e2piiτ . We define a multiplier system χi by
χi(γ) =
ηi(γτ)
(cτ + d)
i
2 ηi(τ)
for γ = ( a bc d ) ∈ Γ1. Note that χi = χj if i ≡ j (mod 24) since χ24 is trivial. If the weight k is in
1
2
Z, then the corresponding multiplier systems are
{χi| i ≡ 2k (mod 4)}.
We compute W 5
2
−k,m,χi
in the case when k = 2, 3 and 4. If k = 2, then P ∈ Pk−2,m can be
written as aθ2,0 + bθ2,1 for a, b ∈ C. The dimension of W 5
2
−k,m,χi
is zero when i = 1, 5, 13 and 17,
and it is 1 when i = 9 and 21. The following table shows the basis of W 5
2
−k,m,χi
when i = 9 and
21.
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Table 1. Basis of W 1
2
,m,χi
a b
χ9 −
√
2 + 1 1
χ21
√
2 + 1 1
If k = 3, then W 5
2
−k,m,χi
is zero for all possible multiplier systems. If k = 4, then P ∈ Pk−2,m
can be written as (a2τ
2+a1τ+a0)θ2,0(τ, z)+(b2τ
2+b1τ+b0)θ2,1(τ, z) for ai, bi ∈ C. The dimension
of W 5
2
−k,m,χi
is 1 for i = 1, 5, 9, 13, 17 and 21. The following table shows the basis of W 5
2
−k,m,χi
.
Table 2. Basis of W− 3
2
,m,χi
a2 a1 a0 b2 b1 b0
χ1 −37.840070 · · · (22.519313 · · · )i 52.513940 · · · −36.425856 · · · (9.3278049 · · · )i 1
χ5 0.69364166 · · · (0.17762531 · · · )i −0.019042563 · · · −0.72057191 · · · −(0.42882543 · · ·)i 1
χ9 −1 i 0.41421356 · · · 0.41421356 · · · (0.41421356 · · · )i 1
χ13 0.51956178 · · · −(0.66290669 · · ·)i −0.26522868 · · · −0.89465178 · · · (1.6003983 · · · )i 1
χ17 −3.3731336 · · · −(6.0340318 · · ·)i 3.7703313 · · · −1.9589200 · · · −(2.4993778 · · ·)i 1
χ21 −1 i −2.4142136 · · · −2.4142136 · · · −(2.4142136 · · ·)i 1
By the definition of the pairing { , }, we can compute the value in (1.6) using the coefficients
appearing in period functions of F ′ and G′. For example, by Theorem 3.4 in [15], one can check that
dimS4,1,χtriv(Γ
J) is zero, where χtriv denotes the trivial character. This implies that dimS 5
2
,1,χ21
(ΓJ)
is also zero because the multiplication by η3 gives an injective map from S 5
2
,1,χ21
(ΓJ) to S4,1,χtriv(Γ
J).
Therefore, there is a skew-holomorphic Jacobi cusp form F ′ such that the corresponding period
function P (
˜ˆEJ(F ′)) is (√2+1)θ2,0+ θ2,1 by the isomorphism (1.8) (for the definition of P (˜ˆEJ(F ′))
see Section 4). Then
−24i(F ′, F ′) = {F+, F+} = −(4
√
2 + 4)i,
where F+ is a mock Jacobi form whose shadow is F ′. By the same way, there is a skew-holomorphic
Jacobi cusp form F ′ whose period function is
(−(3.3731336 · · · )τ 2 − (6.0340318 · · · )iτ + 3.7703313 · · · )θ2,0(τ, z)
+ (−(1.9589200 · · · )τ 2 − (2.4003778 · · · )iτ + 1)θ2,1(τ, z).
Then
96i(F ′, F ′) = {F+, F+} = (100.656302 · · · )i.
We can also find a skew-holomorphic Jacobi cusp form F ′ whose period function is
(−τ 2 + iτ − (2.4142136 · · · ))θ2,0(τ, z) + (−(2.4142136 · · · )τ 2 − (2.4142136 · · · )iτ + 1)θ2,1(τ, z).
In this case we obtain
96i(F ′, F ′) = {F+, F+} = (14.485281 · · · )i.
This paper is organized as follows. In Section 2, we introduce vector-valued modular forms and
vector-valued harmonic weak Maass forms. In Section 3, we give basic notions of Jacobi forms,
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skew-holomorphic Jacobi forms and harmonic Maass-Jacobi forms. In Section 4, we prove the
main theorems: Theorem 1.2 and 1.4.
2. Vector-valued modular forms
In this section, we recall basic notions of vector-valued modular forms and vector-valued har-
monic weak Maass forms. For details, consult [19] for vector-valued modular forms and [5, 6] for
vector-valued harmonic weak Maass forms.
2.1. Vector-valued modular forms. We start with the definition of vector-valued modular
forms. First, we set up some notations. Let Γ ⊂ Γ1 be a H-group. Let k ∈ Z and let χ be
a character of Γ. We suppose that [Γ1 : Γ] <∞. Let p be a positive integer and ρ : Γ→ GL(p,C)
a p-dimensional unitary complex representation. We denote the standard basis elements of the
vector space Cp by ej for 1 ≤ j ≤ p. If f =
∑p
j=1 fjej is a vector-valued function on H, then the
slash operator |k,χ,ργ is defined by
(f |k,χ,ργ)(τ) := χ(γ)−1(cτ + d)−kρ−1(γ)f(γτ)
for γ = ( a bc d ) ∈ Γ, where γτ := aτ+bcτ+d .
Definition 2.1. A vector-valued weakly holomorphic modular form of weight k, character χ and
type ρ on Γ is a sum f =
∑p
j=1 fjej of holomorphic functions in H satisfying the followings.
(1) For all γ ∈ Γ, f |k,χ,ργ = f .
(2) For each γ = ( a bc d ) ∈ Γ1 the function (cτ + d)−kf(γτ) has the Fourier expansion of the
form
p∑
j=1
∑
n≫−∞
aj,γ(n)e
2pii(n+κj,γ )τ/λγej,
where κj,γ (resp. λγ) is a constant which depends on j and γ (resp. γ).
We denote by M !k,χ,ρ(Γ) the space of all vector-valued weakly holomorphic modular forms of
weight k, character χ and type ρ on Γ. There are subspaces Mk,χ,ρ(Γ) and Sk,χ,ρ(Γ) of vector-
valued modular forms and vector-valued cusp forms, respectively, for which we require that each
aj,q(n) = 0 when n+ κj,q is negative, respectively, non-positive.
Now we introduce the definition of vector-valued harmonic weak Maass forms and related dif-
ferential operators. To define vector-valued harmonic weak Maass forms, we need the weight k
hyperbolic Laplacian given by
∆k := −v2
(
∂2
∂u2
+
∂2
∂v2
)
+ ikv
(
∂
∂u
+ i
∂
∂v
)
.
Definition 2.2. A vector-valued harmonic weak Maass form of weight k, character χ and type ρ
on Γ is a sum f =
∑p
j=1 fjej of smooth functions on H satisfying
(1) f |k,χ,ργ = f for all γ ∈ Γ,
(2) ∆kf = 0,
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(3) there is a constant C > 0 such that
(cτ + d)−kfj(γτ) = O(e
Cv),
as v →∞ uniformly in u for every integer 1 ≤ j ≤ p and every element γ = ( a bc d ) ∈ Γ1.
We write Hk,χ,ρ(Γ) for the space of vector-valued harmonic weak Maass forms of weight k, character
χ and type ρ on Γ.
It is known that any harmonic weak Maass form f has a unique decomposition f = f+ + f−
(see [5, Section 3]). Then the first (resp. second) summand is called the holomorphic (resp. non-
holomorphic) part of f . In the theory of vector-valued harmonic weak Maass forms, there are two
important differential operators ξ−k and D
k+1. The differential operator ξ−k := 2iv
−k∂τ gives an
anti-linear map (see Proposition 3.2 in [5])
ξ−k : H−k,χ,ρ(Γ)→M !k+2,χ¯,ρ¯(Γ).
Another differential operator Dk+1 := ( 1
2pii
∂τ )
k+1 gives a linear map (see Theorem 1.2 in [6])
Dk+1 : H∗−k,χ,ρ(Γ)→M !k+2,χ,ρ(Γ).
We let H∗−k,χ,ρ(Γ) denote the inverse image of the space of cusp forms under the map ξ−k.
2.2. Eichler integrals and harmonic weak Maass forms. In this subsection, we recall the
basic notion of Eichler integrals. We denote the space of holomorphic parts of f ∈ H∗−k,χ,ρ(Γ) by
H+−k,χ,ρ(Γ). On the other hand, we let E−k,χ,ρ(Γ) denote the space of holomorphic vector-valued
Eichler integrals f of weight −k, character χ and type ρ on Γ such that
(1) vector-valued functions f are invariant under |−k,χ,ρQ,
(2) vector-valued functions Dk+1(f) can be written as
Dk+1(f) = g∗ +Dk+1(h),
where g∗ is a supplementary function to a cusp form g ∈ Sk+2,χ¯,ρ¯(Γ) and h ∈ M !−k,χ,ρ(Γ)
(for the definition of the supplementary function see [9, Section 2.3]).
We have two different Eichler integrals associated with a vector-valued cusp form f . For f ∈
Sk,χ,ρ(Γ) define
E(f)(τ) :=
∫ i∞
τ
f(t)(t− τ)k−2dt
and
Eˆ(f)(τ) :=
∫ i∞
τ
f(t)(t− τ )kdt.
A holomorphic Eichler integral E(f) can be extended to a vector-valued weakly holomorphic mod-
ular form f by considering term-by-term integration of the Fourier expansion of f (for more details
see [9, Section 2.3]).
3. Jacobi forms and harmonic Maass-Jacobi forms
In this section, we review basic notions of Jacobi forms (see [15, 24]), skew-holomorphic Jacobi
forms (see [22, 23]) and harmonic Maass-Jacobi forms (see [4]).
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3.1. Jacobi forms. In this subsection, we introduce Jacobi forms and theta expansions. First we
fix some notations. Let Γ ⊂ Γ1 be a H-group with [Γ1 : Γ] < ∞. Then ΓJ acts on H × C as a
group of automorphisms
(γ, (λ, µ)) · (τ, z) =
(
γτ,
z + λτ + µ
cτ + d
)
for (γ, (λ, µ)) ∈ ΓJ and (τ, z) ∈ H × C. Let k ∈ 1
2
Z and let χ be a multiplier system of weight k
on Γ. For γ = ( a bc d ) ∈ Γ, X = (λ, µ) ∈ Z2 and m ∈ Z with m > 0, we define
(F |k,m,χγ)(τ, z) := (cτ + d)−kχ(γ)−1e−2piim cz
2
cτ+dF (γ(τ, z))
and
(F |mX)(τ, z) := e2piim(λ2τ+2λz+µλ)F (τ, z + λτ + µ),
where γ(τ, z) = (γτ, z
cτ+d
). Then ΓJ acts on the space of functions on H× C by
(3.1) F |k,m,χ(γ,X) := F |k,m,χγ|mX.
With these notations, we introduce the definition of a Jacobi form.
Definition 3.1. A weak holomorphic Jacobi form of weight k, index m and multiplier system χ
on ΓJ is a holomorphic function F on H× C satisfying
(1) F |k,m,χ(γ,X) = F for every (γ,X) ∈ ΓJ ,
(2) for each γ = ( a bc d ) ∈ Γ1, the function (cτ + d)−ke2piim
−cz2
cτ+dF ((γ, 0) · (τ, z)) has the Fourier
expansion of the form
(3.2)
∑
l,r∈Z
4(l+κγ )−λγmr2≫−∞
a(l, r)e2pii(l+κγ)/λγe2piirz
with suitable 0 ≤ κγ < 1 and λγ ∈ Z.
We denote by J !k,m,χ(Γ
J) the space of all weak holomorphic Jacobi forms of weight k, index m
and multiplier system χ on ΓJ . If a weak holomorphic Jacobi form satisfies the condition a(l, r) 6= 0
only if 4(l + κγ)− λγmr2 ≥ 0 (resp. 4(l + κγ)− λγmr2 > 0), then it is called a Jacobi form (resp.
Jacobi cusp form). We denote by Jk,m,χ(Γ
J) the space of all Jacobi forms of weight k, index m
and multiplier system χ on ΓJ .
Now we introduce a theta series. For a positive integer m and a ∈ N consider
θm,a(τ, z) :=
∑
λ∈Z
epiim((λ+a)
2τ+2(λ+a)z),
which converges normally on H× C. Then this theta series gives the following theorem.
Theorem 3.2. [15, Section 5], [24, Section 3] Let F (τ, z) be a function on H × C which is holo-
morphic as a function of z and satisfies
(3.3) F |mX = F
for every X ∈ Z2. Then
(3.4) F (τ, z) =
∑
a∈N
fa(τ)θm,a(τ, z)
with uniquely determined functions fa : H→ C.
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The decomposition by theta series as in (3.4) is called the theta expansion. This expansion
induces an isomorphism between Jacobi forms and vector-valued modular forms. Let F be a
Jacobi form in Jk,m,χ(Γ
J). By Theorem 3.2, we have a theta expansion
F (τ, z) =
∑
a∈N
fa(τ)θm,a(τ, z).
Then a vector-valued function
∑
a∈N faea is a vector-valued modular form in Mk− 12 ,χ′,ρ′
(Γ) (for the
definition of χ′ and ρ′ see [10, Section 2]).
Theorem 3.3. [15, Section 5] The theta expansion gives an isomorphism between Jk,m,χ(Γ
J) and
Mk− 1
2
,χ′,ρ′(Γ). Furthermore, this isomorphism sends Jacobi cusp forms to vector-valued cusp forms.
3.2. Skew-holomorphic Jacobi forms. In this subsection, we introduce skew-holomorphic Ja-
cobi forms (for more details see [4, 22, 23]). First we start with the definition of skew-holomorphic
Jacobi forms. For k ∈ 1
2
Z and a positive integer m, we have the slash operator on functions
F : H× C→ C defined by
(F |skk,m,χ(γ,X))(τ, z) := χ(γ)−1(cτ¯ + d)1−k|cτ + d|−1e2piim(−
c(z+λτ+µ)2
cτ+d
+λ2τ+2λz)F ((γ,X) · (τ, z))
for (γ,X) = (( a bc d ) , (λ, µ)) ∈ ΓJ , where χ is a multiplier system of weight k on Γ.
Definition 3.4. A function F : H×C→ C is a weak skew-holomorphic Jacobi form of weight k,
index m and multiplier system χ on ΓJ if F is real-analytic in τ ∈ H and holomorphic in z ∈ C,
and it satisfies the conditions
(1) for all (γ,X) ∈ ΓJ , F |skk,m,χ(γ,X) = F ,
(2) for each γ = ( a bc d ) ∈ Γ1, the function (cτ + d)−ke2piim(−
cz2
cτ+d
)F ((γ, 0) · (τ, z)) has the Fourier
expansion of the form
(3.5)
∑
l,r∈Z
4m(l+κγ )−λγr2≪∞
a(l, r)e
−pi(λγr
2−4m(l+κγ ))v
mλγ e2piiτ(l+κγ)/λγe2piirz
with suitable 0 ≤ κγ < 1 and λγ ∈ Z.
If the Fourier expansion in (3.5) is only over 4m(l+κγ)−λγr2 ≤ 0 (resp. 4m(l+κγ)−λγr2 < 0),
then F is called a skew-holomorphic Jacobi form (resp. skew-holomorphic Jacobi cusp form). We
denote the space of weak skew-holomorphic Jacobi forms (resp. skew-holomorphic Jacobi forms)
of weight k, index m and multiplier system χ on ΓJ by J sk!k,m,χ(Γ
J) (resp. J skk,m,χ(Γ
J)).
It is known that skew-holomorphic Jacobi forms are closely related with vector-valued modular
forms. As in the case of a Jacobi form, a skew-holomorphic Jacobi form F ∈ J skk,m,χ(ΓJ) has a theta
expansion
F (τ, z) =
∑
a∈N
fa(τ)θm,a(τ, z).
But in this case,
∑
a∈N faea is a vector-valued modular form in Mk− 1
2
,χ′,ρ′(Γ), where χ
′ and ρ′
are as in Theorem 3.3. This gives an isomorphism between skew-holomorphic Jacobi forms and
vector-valued modular forms.
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Theorem 3.5. [4, Section 6] The theta expansion gives an isomorphism between J skk,m,χ(Γ
J) and
Mk− 1
2
,χ′,ρ′(Γ). Furthermore, this isomorphism sends skew-holomorphic Jacobi cusp forms to vector-
valued cusp forms.
With this isomorphism, we define a supplementary function in the case of Jacobi forms as follows.
For F ∈ Sk,m,χ(ΓJ) we have a theta expansion
(3.6) F (τ, z) =
∑
a∈N
fa(τ)θm,a(τ, z).
Then a vector-valued function f :=
∑
a∈N faea is a vector-valued cusp form in Sk− 12 ,χ′,ρ′
(Γ). By the
vector-valued supplementary function theory there is a vector-valued weakly holomorphic modular
form f ∗ =
∑
a∈N f
∗
aea ∈ M !k− 1
2
,χ′,ρ′
(Γ), which is a function supplementary to f (for more details
see [9, Section 2.3]). Then we have a weak skew-holomorphic Jacobi form F ∗ ∈ J sk!k,m,χ(ΓJ) defined
by
F ∗(τ, z) =
∑
a∈N
f ∗a (τ)θm,a(τ, z).
We call F ∗ the function supplementary to F .
Now we introduce how to construct a Jacobi integral if a skew-holomorphic Jacobi cusp form
is given. Let F ∈ J sk,cusp
k+ 5
2
,m,χ
(ΓJ). We have a theta expansion as in (3.6). Then we have a non-
holomorphic Jacobi integral associated with F , which is given by
EˆJ(F )(τ, z) :=
∑
a∈N
Eˆ(fa)(τ)θm,a(τ, z).
3.3. Harmonic Maass-Jacobi forms. In this subsection, we introduce the theory of harmonic
Maass-Jacobi forms. For details, consult [4].
Definition 3.6. Let k ∈ 1
2
Z and χ be a multiplier system of weight k on Γ. A function F :
H×C→ C is a harmonic Maass-Jacobi form of weight k, index m and multiplier system χ on ΓJ
if F (τ, z) is real-analytic in τ ∈ H and holomorphic in z ∈ C, and it satisfies the conditions
(1) for all (γ,X) ∈ ΓJ , F |k,m,χ(γ,X) = F ,
(2) Ck,m(F ) = 0,
(3) for each γ = ( a bc d ) ∈ Γ1
(cτ + d)−ke2piim(−
cz2
cτ+d
)F ((γ, 0) · (τ, z)) = O(eave2pimy2/v)
as v →∞ for some a > 0.
Note that elements F in Jˆcuspk,m,χ(Γ
J) have the Fourier expansion of the form
F (τ, z) =
∑
n,r∈Z
4(l+κ)m−r2λ≫−∞
a+(l, r)e2pii(l+κ)τ/λe2piirz(3.7)
+
∑
l,r∈Z
4(l+κ)m−r2λ<0
a−(l, r)Γ
(
3
2
− k, pi(r
2λ− 4(l + κ)m)v
mλ
)
e2pii(l+κ)τ/λe2piirz,
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where Γ(α, t) :=
∫∞
t
e−wwα−1dw is the incomplete Gamma function. The first (resp. second)
summand is called the holomorphic (resp. non-holomorphic) part of F (for more details see [4,
Section 4]).
Remark 3.7. For the Fourier expansion of a harmonic Maass-Jacobi form F ∈ Jˆcuspk,m,χ(ΓJ) in (3.7)
we follow the notation in [4] in the case where ξk(F ) is a skew-holomorphic Jacobi cusp form and
m is a positive integer. A more detailed treatment of harmonic Maass-Jacobi forms was given by
Bringmann, Raum and Richter [3].
If F ∈ Jˆcuspk,m,χ(ΓJ), then F has a theta expansion
(3.8) F (τ, z) =
∑
a∈N
fa(τ)θm,a(τ, z).
By the insightful observation by Bringmann and Richter [4], we see that
∑
a∈N faea is a vector-
valued harmonic weak Maass form in H∗
k− 1
2
,χ′,ρ′
(Γ). The theta expansion has further interesting
properties. The following lemma shows that two operators ξ 5
2
−k,m and H
k−1
m commute with the
theta expansion.
Lemma 3.8. Let F ∈ Jˆcusp5
2
−k,m,χ
(ΓJ) with a theta expansion as in (3.8).
(1) The function ξ 5
2
−k,m,χ(F ) ∈ J sk,cuspk+ 1
2
,m,χ
(ΓJ) has a theta expansion
ξ 5
2
−k,m,χ(F )(τ, z) =
∑
a∈N
ξ2−k(fa)(τ)θm,a(τ, z).
(2) The function Hk−1m (F ) ∈ J !k+ 1
2
,m,χ
(ΓJ) has a theta expansion
Hk−1m (F )(τ, z) = (−16pi2m)k−1
∑
a∈N
Dk−1(fa)(τ)θm,a(τ, z).
Proof of Lemma 3.8. Using the argument in [4] for the case of Γ = Γ1, we can prove (1) for
general Γ. If we use the fact that Hm(θm,a) = 0, then
Hm
(∑
a∈N
fa(τ)θm,a(τ, z)
)
= (−16pi2m)
∑
a∈N
D(fa)(τ)θm,a(τ, z).
From this we can prove (2). 
From this, one can see that the heat operator Hk−1m gives a linear map between harmonic Maass-
Jacobi forms and weak holomorphic Jacobi forms and this map depends only on the holomorphic
parts of harmonic Maass-Jacobi forms.
Lemma 3.9. The heat operator Hk−1m gives a linear map
Hk−1m : Jˆ
cusp
5
2
−k,m,χ
(ΓJ)→ J !
k+ 1
2
,m,χ
(ΓJ).
Moreover, if F ∈ Jˆcusp5
2
−k,m,χ
(ΓJ), then
Hk−1m (F ) = H
k−1
m (F
+).
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This is an analogous result of Theorem 1.1 in [6]. We prove Lemma 3.9 by using the Bol’s
identity in [1] and [11] and the theta expansion.
Remark 3.10. Authors of [3] proved that the heat operator gives analogue of ξk on the space of
skew-holomorphic Jacobi forms and calculated the action of the heat operator on Fourier expansions
of skew-holomorphic Jacobi forms.
Proof of Lemma 3.9. Suppose that F ∈ Jˆcusp5
2
−k,m,χ
(ΓJ). We have a theta expansion
F (τ, z) =
∑
a∈N
fa(τ)θm,a(τ, z).
Then by Lemma 3.8 we have
(3.9) Hk−1m (F )(τ, z) = (−16pi2m)k−1
∑
a∈N
Dk−1(fa)(τ)θm,a(τ, z).
Since the vector-valued function
∑
a∈N faea is in H
∗
2−k,χ′,ρ′(Γ), the vector-valued function∑
a∈N
Dk−1(fa)ea
is a weakly holomorphic modular form in M !k,χ′,ρ′(Γ). Therefore, H
k−1
m (F ) is a weak holomorphic
Jacobi form in J !
k+ 1
2
,m,χ
(ΓJ). Moreover, one can see that
F+(τ, z) =
∑
a∈N
f+a (τ)θm,a(τ, z).
By (3.9) and Theorem 1.1 in [6] we see that Hk−1m (F ) depends only on the holomorphic part
F+. 
4. Proof of the main theorems
Proof of Theorem 1.2. The proof is based on the theta expansion in Theorem 3.2 and the
argument in [7]. It is clear that Cm,χ is contained in E 5
2
−k,m,χ(Γ
J).
If F ∈ E 5
2
−k,m,χ(Γ
J), then it has a theta expansion
(4.1) F (τ, z) =
∑
a∈N
fa(τ)θm,a(τ, z).
Then one can check that a vector-valued function f :=
∑
a∈N faea is a vector-valued Eichler integral
in E2−k,χ′,ρ′(Γ). This comes from Lemma 3.6 in [8] and the property of the theta expansion: for
(γ,X) ∈ ΓJ ,
(4.2)
((∑
a∈N
faθm,a
)∣∣∣∣
5
2
−k,m,χ
(γ,X)
)
(τ, z) =
∑
a∈N
f˜a(τ)θm,a(τ, z),
where
∑
a∈N f˜aea =
(∑
a∈N faea
)∣∣∣∣
2−k,χ′,ρ′
γ. Therefore, we have
(4.3) Dk−1(f) = g∗ +Dk−1(h),
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where g∗ is a supplementary function to a cusp form g ∈ Sk,χ′,ρ′(Γ) and h ∈ M !2−k,χ′,ρ′(Γ). Define
b+ = E(g∗) and b− = −Eˆ(g). Then by Theorem 2.8 and 2.9 in [9] one can see that b := b+ + b−
is invariant under the slash operator |2−k,χ′,ρ′γ for alll γ ∈ Γ. We can also check that ∆2−k(b) = 0
and hence h ∈ H∗2−k,χ′,ρ′(Γ). Note that
Dk−1(b) = Dk−1(b+) =
(−1)k−1(k − 2)!
(2pii)k−1
g∗.
From this the function (−1)
k−1(2pii)k−1
(k−2)! b+ h is an element of H
∗
2−k,χ′,ρ′(Γ) and its image under D
k−1
is the same as Dk−1(f) by (4.3). Therefore, we have
f =
(
(−1)k−1(2pii)k−1
(k − 2)! b+ h
)+
+ c
for some vector-valued constant c.
As we noted in Section 3.3, the theta expansion induces an isomorphism between Jˆcusp5
2
−k,m,χ
(ΓJ)
and H∗2−k,χ′,ρ′(Γ). This isomorphism sends holomorphic parts (resp. non-holomorphic parts) of
vector-valued harmonic Maass-Jacobi forms to holomorphic parts (resp. non-holomorphic parts)
of harmonic weak Maass forms. Therefore, we have an isomorphism between Jˆ+5
2
−k,m,χ
(ΓJ) and
H+2−k,χ′,ρ′(Γ). On the other hand, for a generator Q of Γ∞ we have
χ′(Q)ρ′(Q) = χ(Q)AQ,χ = BQ,χ,
where AQ,χ and BQ,χ are diagonal |N | by |N | matrices given by (AQ,χ)a,a = e−2piiλma2 and
(BQ,χ)a,a = e
2piiκa for a ∈ N . Here κa is a real number with 0 ≤ κa < 1. Then one can see that the
theta expansion gives an isomorphism between Cm,χ and
∑
a∈N δκa,0C. The first part of Theorem
1.2 (1) follows from two isomorphisms: Jˆ+5
2
−k,m,χ
(ΓJ) ∼= H+2−k,χ′,ρ′(Γ) and Cm,χ ∼=
∑
a∈N δκa,0C.
If F ∈ Jˆ+5
2
−k,m,χ
(ΓJ), then the corresponding vector-valued function f+ =
∑
a∈N f
+
a ea given
by the theta expansion is in H+2−k,χ′,ρ′(Γ). For f
+ ∈ H+2−k,χ′,ρ′(Γ) there is a corresponding f ∈
H∗2−k,χ′,ρ′(Γ). Let g = ξ2−k(f) and let g
∗ be its supplementary function. We already checked that
b := E(g∗)− Eˆ(g) is a harmonic weak Maass form in H∗2−k,χ′,ρ′(Γ). Then by a direct computation
we have
ξ2−k
(
f +
(k − 2)!
(4pi)k−1
b
)
= 0
and hence
h := f +
(k − 2)!
(4pi)k−1
b ∈ M !2−k,χ′,ρ′(Γ).
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From this we obtain
Hk−1m (F )(τ, z) = (−16pi2m)k−1
∑
a∈N
Dk−1(fa)(τ)θm,a(τ, z)
= (−16pi2m)k−1
∑
a∈N
Dk−1
(
−(k − 2)!
(4pi)k−1
ba + ha
)
(τ)θm,a(τ, z)
= (−16pi2m)k−1
∑
a∈N
(
(−1)k−2((k − 2)!)2
(8pi2i)k−1
g∗a +D
k−1(ha)
)
(τ)θm,a(τ, z)
= G∗(τ, z) +Hk−1m (H)(τ, z),
where G∗(τ, z) = −(−2mi)k−1((k−2)!)2∑a∈N g∗a(τ)θm,a(τ, z) and H(τ, z) =∑a∈N ha(τ)θm,a(τ, z).
Here G∗ is a supplementary function to a cusp form
G := −(−2mi)k−1((k − 2)!)2
∑
a∈N
ga(τ)θm,a(τ, z).
This completes the proof of Theorem 1.2 (1).
To prove Theorem 1.2 (2), let F ∈ Jˆcusp5
2
−k,m,χ
(ΓJ). Then by the part (1) we have
(4.4) Hk−1m (F
+) = G∗(τ, z) +Hk−1m (H) +
∑
a∈Nχ
c(a)θm,a,
where G∗ is a supplementary function to a skew-holomorphic Jacobi cusp form G ∈ J sk,cusp
k+ 1
2
,m,χ
(ΓJ),
H ∈ J !5
2
−k,m,χ
(ΓJ) and c(a) ∈ C. Each function in (4.4) has a theta expansion
F (τ, z) =
∑
a∈N
fa(τ)θm,a(τ, z),
G∗(τ, z) =
∑
a∈N
g∗a(τ)θm,a(τ, z),
and
G(τ, z) =
∑
a∈N
ga(τ)θm,a(τ, z).
Then we see that ∑
a∈N
faea ∈ H∗2−k,χ′,ρ′(Γ),
∑
a∈N
g∗aea ∈M !k,χ′,ρ′(Γ),
and ∑
a∈N
gaea ∈ Sk,χ′,ρ′(Γ).
By the same argument in the proof of Theorem 1.1 in [7] we obtain∑
a∈N
f−a ea =
(4pi)k−1
ckΓ(k − 1)
∑
a∈N
Eˆ(ga)ea,
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where ck := − Γ(k−1)(2pii)k−1 . Therefore, we have
F−(τ, z) =
∑
a∈N
f−a (τ)θm,a(τ, z) =
(4pi)k−1
ckΓ(k − 1)
∑
a∈N
Eˆ(ga)(τ)θm,a(τ, z)
= EˆJ
(
(4pi)k−1
ckΓ(k − 1)
∑
a∈N
gaθm,a
)
(τ, z).
This is the desired result. 
To prove Theorem 1.4 we need the lemma for period functions of a skew-holomorphic Jacobi
cusp form. For a skew-holomorphic Jacobi cusp form F ∈ J sk,cusp
k+ 1
2
,m,χ
(ΓJ), we have a theta expansion
F (τ, z) :=
∑
a∈N
fa(τ)θm,a(τ, z).
We define a holomorphic vector-valued Jacobi integral associated with F as a function E˜J(F ) :
Γ \ Γ1 → A 5
2
−k,m,χ(Γ
J) given by
E˜J(F )(A)(τ, z) :=
∑
a∈N
E((fA)a)(τ)θm,a(τ, z),
where
∑
a∈N (fA)aea =
(∑
a∈N faea
) ∣∣∣∣
k+2,χ′,ρ′
A. Then a period function of E˜J(F ) is defined by
P (E˜J(F )) := E˜J(F )− E˜J(F )‖ 5
2
−k,m,χ(S, 0).
Similarly, we can define a non-holomorphic Jacobi integral and its period function associated with
F by ˜ˆEJ(F )(A)(τ, z) :=∑
a∈N
Eˆ((fA)a)(τ)θm,a(τ, z)
and
P (
˜ˆEJ(F )) := ˜ˆEJ(F )− ˜ˆEJ(F )‖ 5
2
−k,m,χ(S, 0).
Lemma 4.1. For every A ∈ Γ \ Γ1 we have
P (E˜J(F ))(A)c = P (˜ˆEJ(F ))(A).
Proof of Lemma 4.1. By a direct computation we obtain
P (E˜J(F ))(A) =
∑
a∈N
(∫ i∞
0
(fA)a(t)(t− τ)k−2dt
)
θm,a(τ, z)
and
P (
˜ˆEJ(F ))(A) =∑
a∈N
(∫ i∞
0
(fA)a(t)(t− τ)k−2dt
)
θm,a(τ, z).
This completes the proof. 
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Proof of Theorem 1.4. The proof is based on the arguments in [15] and [21]. Since F ′ and G′
are skew-holomorphic Jacobi cusp forms, they have theta expansions
F ′(τ, z) =
∑
a∈N
f ′a(τ)θm,a(τ, z),
G′(τ, z) =
∑
a∈N
g′a(τ)θm,a(τ, z).
By the proof of Theorem 5.3 in [15] we have∫
C/Zτ+Z
θm,a(τ, z)θm,b(τ, z)e
−4pimy2/vdxdy =
√
v/4mδab,
where δab is the Kronecker delta of a and b. Therefore, we obtain
(F,G) =
1
[Γ1 : Γ]
∫
Γ\H
∑
a,b∈N
f ′a(τ)g
′
b(τ)
∫ C/Zτ+Z
θm,a(τ, z)θm,b(τ, z)e
−4pimy2/vdxdyvk−
5
2dudv
=
1√
4m
1
[Γ1 : Γ]
∫
Γ\H
∑
a∈N
f ′a(τ)g
′
a(τ)v
k−2dudv.(4.5)
Note that f ′ =
∑
a∈N f
′
aea and g
′ =
∑
a∈N g
′
aea are vector-valued modular forms in Sk,χ′,ρ′(Γ) by
Theorem 3.5 and
(g′, f ′)M :=
1
[Γ1 : Γ]
∫
Γ\H
∑
a∈N
g′a(τ)f
′
a(τ)v
k−2dudv
is the Petersson inner product for vector-valued modular forms f ′ and g′.
Let D be a fundamental domain for Γ(2). Then the region D consists of six copies of the
fundamental domain for Γ1. Note that the slash operator |k,χ′,ρ′ can be extended to Γ1 because χ
is a multiplier system on Γ1 and ρ
′ comes from the transformation properties of theta series θm,a.
From this one can see that
6Ck[Γ1 : Γ](g
′, f ′)M =
∑
A∈Γ\Γ1
∫
D
[g′|k,χ′,ρ′A(τ), f ′|k,χ′,ρ′A(τ)](τ − τ¯ )k−2dτdτ¯ ,
where [g′, f ′] :=
∑
a∈N g
′
af
′
a and Ck := −(2i)k−1. We define
GA(τ) :=
∫ τ
i∞
(g′|k,χ′,ρ′A)(t)(t− τ¯)k−2dt.
Since
∂GA
∂τ
(τ) = (g′|k,χ′,ρ′A)(τ)(τ − τ¯)k−2,
by Stokes’ theorem we have
6Ck[Γ1 : Γ](g
′, f ′)M =
∑
A∈Γ\Γ1
∫
∂D
[GA(τ), f ′|k,χ′,ρ′A(τ)]dτ¯ .
The region D has vertices i∞,−1, 0 and 1. Since∫ i∞
1
[GA(τ), f ′|k,χ′,ρ′A(τ)]dτ¯ =
∫ i∞
−1
[GAT 2(τ), f ′|k,χ′,ρ′AT 2(τ)]dτ¯ ,
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the sum of integrals over the vertical sides of D vanishes. For other parts of ∂D we compute∫ 0
−1
[GA(τ), f ′|k,χ′,ρ′A(τ)]dτ¯ =
∫ i∞
1
[GAS(τ), f ′|k,χ′,ρ′AS(τ)]dτ¯
+
∫ i∞
1
∫ i∞
0
[g′|k,χ′,ρ′AS(t), f ′|k,χ′,ρ′AS(τ)](t− τ¯ )k−2dtdτ,∫ 1
0
[GA(τ), f ′|k,χ′,ρ′A(τ)]dτ¯ =
∫ −1
i∞
[GAS(τ), f ′|k,χ′,ρ′AS(τ)]dτ¯
−
∫ i∞
−1
∫ i∞
0
[g′|k,χ′,ρ′AS(t), f ′|k,χ′,ρ′AS(τ)](t− τ¯)k−2dtdτ.
When we add two equations and sum over A ∈ Γ \ Γ1, the single integrals cancel as before and
6Ck[Γ1 : Γ](g
′, f ′)M
=
∑
A∈Γ\Γ1
(∫ i∞
1
∫ i∞
0
−
∫ i∞
−1
∫ i∞
0
)
[g′|k,χ′,ρ′A(t), f ′|k,χ′,ρ′A(τ)](t− τ¯ )k−2dtdτ¯ .(4.6)
After a change of variable, the first integral becomes〈∫ i∞
0
f ′|k,χ′,ρ′AT (τ)(Tτ −X)k−2dτ,
∫ i∞
0
g′|k,χ′,ρ′A(t)(t−X)k−2dt
〉
.
Therefore, we have∑
A∈Γ\Γ1
∫ i∞
1
∫ i∞
0
[g′|k,χ′,ρ′A(t), f ′|k,χ′,ρ′A(τ)] = 〈〈P (E˜J(F ′))c‖ 52−k,m,χ(T
−1, 0), P (E˜J(G′)) 〉〉 .
By a similar argument one can see that∑
A∈Γ\Γ1
∫ i∞
−1
∫ i∞
0
[g′|k,χ′,ρ′A(t), f ′|k,χ′,ρ′A(τ)] = 〈〈P (E˜J(F ′))c‖ 52−k,m,χ(T, 0), P (E˜J(G
′)) 〉〉 .
By lemma 4.1 we obtain
6Ck[Γ1 : Γ](g
′, f ′)M = 〈〈P (E˜J(F ′))c‖ 5
2
−k,m,χ((T
−1, 0)− (T, 0)), P (E˜J(G′)) 〉〉
= 〈〈P (˜ˆEJ(F ′))‖ 5
2
−k,m,χ((T
−1, 0)− (T, 0)), P (˜ˆEJ(G′))c 〉〉 .
Note that for each A ∈ Γ \ Γ1
˜ˆEJ(F ′)(A) = EˆJ(F ′|sk
k+ 1
2
,m,χ
A) = F−A .
We can also define F˜− and its period function P (F−) by the same way in (1.3) and (1.4). Then
one can see that P (F+) = −P (F−) since F = F+ + F− is invariant under the slash operator
| 5
2
−k,m,χ. Therefore, we have
6Ck[Γ1 : Γ](f
′, g′)M = 〈〈P (F+)‖ 5
2
−k,m,χ((T
−1, 0)− (T, 0)), P (G+)c 〉〉 .
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If we combine this with (4.5), then
6Ck[Γ1 : Γ](F
′, G′) =
1√
4m
{F+, G+}.
Furthermore, by a direct computation of (4.6) one can see that
6Ck[Γ1 : Γ](g
′, f ′)M
=
∑
A∈Γ\Γ1
∑
a∈N
∑
0≤m+n≤k−2
(k − 2)!
(k − 2−m− n)!
im+n+2
(2pi)m+n+2
×
(
(−1)k−2−mL((g′A)a, n+ 1)L((f ′AT )a, m+ 1)− (−1)mL((g′A)a, n+ 1)L((f ′AT−1)a, m+ 1)
)
=
∑
A∈Γ\Γ1
∑
a∈N
∑
0≤m+n≤k−2
m6=≡n (mod 2)
(k − 2)!
(k − 2−m− n)!
im+n
(2pi)m+n+2
×
(
(−1)k−2−mLsk(G′|sk
k+ 1
2
,m,χ
A, a, n+ 1)Lsk(F ′|sk
k+ 1
2
,m,χ
AT, a,m+ 1)
− (−1)mLsk(G′|sk
k+ 1
2
,m,χ
A, a, n+ 1)Lsk(F ′|sk
k+ 1
2
,m,χ
AT−1, a,m+ 1)
)
.
Here L((f ′A)a, s) is a function defined by the analytic continuation of the series∑
n+κ>0
a(n)(
n+κ
λ
)s
when (f ′A)a has the Fourier expansion of the form
(f ′A)a(τ) =
∑
n+κ>0
a(n)e2pii(n+κ)/λ
for suitable real number κ ∈ [0, 1) and positive integer λ. 
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